The physical equations determining the motion of moist atmospheric air in the presence of condensation remain controversial. Two distinct formulations have been proposed, published and cited. The equation of Bannon [2002 , J. Atmos. Sci. 59: 1967 -1982 includes a term for a "reactive motion" that arises when water vapor condenses and droplets begin to fall; according to this term the remaining gas moves upwards so as to conserve momentum. In the equation of Ooyama [2001 , J. Atmos. Sci. 58: 2073-2102] the reactive motion term is absent. Both equations contain a term for condensate loading, but in the formulation of Ooyama [2001] there are two additional terms. In some modern nonhydrostatic models of moist atmospheric circulation, however, formulations have been mixed. Here we examine the contrasting equations for the motion of moist air. We discuss inconsistencies in the application of Newton's second and third laws to an air and condensate mixture. We show that the concept of reactive motion in this context is based on a misunderstanding of the conservation of momentum in the presence of a gravitational field: such a reactive motion does not exist. We show that the "mixed" equation used in some models is not physically consistent either. We examine why consideration of total momentum, that is air and condensate combined, has been misleading in the search for valid equations of motion in the presence of phase transitions.
Introduction
The equation of motion for moist air in the presence of phase changes remains controversial in both meteorological and multiphase flow literature [Young, 1995 , Drew and Passman, 1998 , Ooyama, 2001 , Bannon, 2002 , Brennen, 2005 . Young [1995] for example reviewed this subject and highlighted a number of inconsistencies in treatment and implied physical relationships. In the atmospheric sciences this problem received attention in the works of Ooyama [2001] and Bannon [2002] . But rather than resolving the issues these authors offered contrasting equations.
The equation of motion for atmospheric air, without particles, can be written as
Here u is air velocity, ρ ≡ ρ d + ρ v , ρ d and ρ v are moist air, dry air and water vapor density (kg m −3 ), p is air pressure, σ is the viscous stress tensor, g is acceleration of gravity. Bannon [2002] concluded that condensation causes an additional term F c = 0 to appear on the right-hand side of Eq. (1):
Here ρ l ≡ N l m is the density of condensate particles in the air, N l is the concentration of condensate particles in the air, m is their mean mass, u l is their velocity andρ < 0 (kg m −3 s −1 ) is condensation rate (the rate at which the moist air mass is diminished by phase transitions). In the formulation of Ooyama [2001] F r = 0.
Bannon [2002] mentioned the disagreement with Ooyama [2001] but did not identify either its cause or implications. The controversy persisted. Recently Cotton et al. [2011] reviewed the fundamental equations describing moist atmospheric dynamics and noted that the correct way to consider momentum during phase changes remains poorly understood. While some authors have argued that F r in (3) is usually small compared to the typical values of ρ l g [Monteiro and Torlaschi, 2007] , they failed to rule out that under some circumstances it may be large. Indeed Cotton et al. [2011] concluded that this term was of potential importance and warranted further study. Cotton et al. [2011] offered several illustrations explaining how the phenomenon is manifested: according to these authors as the droplets begin to fall and thus gain a downward velocity, the remaining air gains an upward velocity so that the combined momentum of air plus droplets is conserved [Cotton et al., 2011, Fig. 2.2] .
However, any explanation based on the notion that the combined momentum of air plus droplets is conserved runs counter to established physical principles. Consider a rocket expelling fuel: it will experience acceleration proportional to the fuel velocity relative to itself and mass ejected per unit time, because the total momentum of the system (rocket plus fuel) remains conserved. The expelled fuel acquires a non-zero velocity relative to the rocket because of the internal forces generated when the fuel burns within the rocket. Now consider a droplet of moisture forming in moist air: unlike the rocket fuel, condensate particles in the atmosphere acquire a non-zero velocity relative to the vapor from which they form due to an external force, gravity, imposed on them by a third body: the Earth. Such acceleration causes no compensatory motion in the air. (As another example, consider a block of ice melting on a table made of open mesh. The block does not accelerate upwards as the melt water streams down.) The momentum of the system is again conserved, as physics dictates, but here "the system" includes the air, the droplets and the entire bulk of the planet Earth. The drop falls towards the Earth, and the Earth falls towards the drop.
Why might a reactive motion term appear in the equation of motion of moist atmospheric air? Here we review its origins. In Section 2 we review some basic concepts showing the physical meaning of the reactive motion term and the associated pitfalls in its formulations. In Section 3 we show that many derivations (including those in the leading textbooks on multiphase flow) appear based on an incorrect formulation of Newton's second law when applied to systems of variable mass. We then show that the reactive motion term in (3) appeared in the work of Bannon [2002] as the result of an apparent mathematical error. We show that the omission of the reactive motion term by Ooyama [2001] was correct even though the reasoning behind it was not. We then consider Newton's third law as it applies to the interaction between the air and droplets. We show that the equation used in many nonhydrostatic models of moist atmospheric circulation is physically incorrect. In the concluding section we discuss the search for valid equations of motion in the presence of phase transitions and explain why consideration of total momentum (the so-called momentum equation) is unhelpful.
Dynamics of bodies with variable mass
In this section we outline the basic physical relationships governing the motion of bodies of variable mass. This understanding provides a foundation for the following sections where we identify the physical relationships governing moist atmospheric dynamics.
Newton's second law
Newton's second law for a body of mass m and velocity u has the form
where f represents the sum of all forces acting on the body. This equation is valid for the case when the body mass changes with time, m = m(t), such that for the rate of momentum change we have
For dm/dt = 0 Eqs. (4) and (5) coincide, such that Eq. (5) is referred to as Newton's second law in many textbooks. However, a common misunderstanding of Newton's second law consists in putting variable mass m(t) under the sign of differentiation in (4), see, for example, the discussions provided by Plastino and Muzzio [1992] and Irschik and Holl [2004] :
The resulting equation of motion (7) is flawed: it violates Galilean invariance by producing different acceleration in different inertial frames of reference. An illustration follows. Consider a block of ice of mass m that is melting in a warm room, dm/dt < 0, in the absence of net forces, f = 0. Since velocity u = 0, we have from (7) mdu/dt = 0: no acceleration, the ice block remains motionless on the table. Now consider this block of ice travelling in a train that moves with constant velocity u = 0. From (7) we obtain mdu/dt = −udm/dt = 0. Apparently the ice block accelerates within the train due to its melting. Clearly this result is absurd and the equation is incorrect. As we discuss below (see Section 3b) incorrect equations analagous to (6) and (7) when applied to particular constituents of the air and condensate mixture can be found in the literature on multiphase flow.
Reactive motion and momentum conservation
Consider our rocket: it has mass m and is moving at velocity u in a free space (no external forces). It now expels some fuel with mass −∆m (∆m < 0) and velocity u f . The rocket's mass becomes m + ∆m while its velocity becomes u + ∆u. As the total momentum of the system is conserved, we have
Considering the limit ∆m → 0 provides a differential equation for the dependence of our rocket's velocity on its mass:
If mass m is a smooth function of time such that (du/dm)(dm/dt) = du/dt we find from (9) how the rocket's velocity depends on time:
this is the equation for our rocket's reactive motion. Comparing (10) and (4) we can see that the rocket experiences a force equal to f =ṁ(u f − u). Now let us formally apply the law of momentum conservation to a system of two bodies with constant total mass m = m 1 + m 2 and velocities u 1 and u 2 :
Considering jointly (13) and (10) where in the latter m = m 1 , u = u 1 and u f = u 2 , we find that
for m 2 = 0 in (13). This result is physically meaningful: as soon as the fuel has acquired velocity u 2 = u f it is expelled. Since then it is no longer acted upon by any forces and continues to travel with a constant velocity. However, this result cannot be derived from (11) without considering the equation of motion (10). Though the latter equation was also obtained from the conservation of momentum, it contains more information than Eq. (11). Note that equation (11) implies a restrictive assumption. It assumes that the fuel exiting the rocket at any given moment has the same velocity u 2 as all the fuel previously expelled (which has a total mass m 2 ). This is only correct if u 2 = u f is constant and external forces are absent, such that the expel/exhaust maintains a constant velocity upon its exit from the rocket. But in the more general case where an external force such as gravity is acting on the system, the expelled fuel can change velocity with time. Its mean velocity will then be unrelated to that at the moment of expulsion. In contrast to Eq. (11), equation (10) relates acceleration of the rocket to the velocity of the fuel at expulsion irrespective of what happens to it afterwards. In this equation u f is a free parameter.
Consider another example in which mass is gained. A train carriage is moving freely with velocity u along a long motionless platform, from which people are throwing stones onto the carriage. We neglect the velocity components that are perpendicular to the carriage's velocity, so for all bodies on the platform including the platform itself we have u f = 0. According to (10) the carriage will undergo a negative acceleration du/dt = −(ṁ/m)u < 0 because of its growing massṁ > 0. If however people are running along the platform such that the stones that they throw onto the carriage have the same velocity as the carriage, the carriage will not accelerate despite the mean velocity of all bodies on the platform (the platform, the people and the stones) will still be different from the velocity of the carriage. These simple examples illustrate that the dynamics of reactive motion are determined by local velocities where the transition of mass from one body to another takes place (i.e. the rocket's exhaust or the border between the carriage and the platform). As we discuss below (see Section 3c) the neglect of this principle led to the incorrect derivation of Bannon [2002] .
Newton's third law
Equation (11) has another drawback. It considers the system as composed of only two physical objects: one of mass m 1 moving with velocity u 1 and another of mass m 2 moving with velocity u 2 . If this were true, Eq. (13) would violate Newton's third law. Indeed, if there are no external forces acting on a system that consists of two bodies, the only forces acting between them must be equal in magnitude and opposite in direction. Then, according to Eq. (4), for the equations of motion of such bodies we must have
where the last equation expresses Newton's third law. However, from (10) and (14) we note that f 12 =ṁ 1 (u 2 − u 1 ) and f 21 = 0, such that f 21 = −f 12 . If, on the other hand, we consider (13) independently of (10) then from (15) and (13) it follows that
In other words, considering jointly Newton's third law as in (15) and Eq. (11) apparently yields an incorrect result:
The controversy is resolved by noting that in reality there are three objects that need to be distinguished, the third being the fuel that is in the process of acceleration within the rocket. This fuel has velocity u 3 intermediate between u 1 and u 2 . The rocket does not impose any force on the fuel that has been already expelled (it has total mass m 2 ):
The rocket only interacts with a force f 13 = m 1 du 1 /dt with the fuel that is accelerating. By assuming that mass ∆m of this fuel is infinitely small in (9) and (10), ∆m → 0 when ∆t → 0, where ∆t is the period of time during which fuel mass ∆m was lost, we have required that this fuel undergoes a finite change of velocity -from u to u f -over an infinitely small period of time ∆t → 0, i.e. that it has an infinite acceleration. So the accelerating fuel has a constant zero mass m 3 → 0 and infinite acceleration du 3 /dt → ∞, such that their product m 3 du 3 /dt = f 31 = −ṁ 1 (u 2 − u 1 ) is finite. Upon exit from the rocket with velocity u 2 the fuel is reclassified as belonging to the second body. The instantaneously expelled fuel does not interact with the fuel that has been expelled previously, f 32 = f 23 = 0. In this case Eq. (11) is equivalent to f 13 = −f 31 . In other words, Eq. (11) is brought in agreement with Newton's law by recognizing that there are three essential parts of the rocket-and-fuel system.
In the general case when there are external forces acting on a constant mass system we can write Newton's law (4) for any k-th of the system's components as
and the momentum conservation equation, cf. (11), for the system as a whole as
where f k is an external force (e.g. gravity) acting on the k-th component and f ki is the internal force imposed on the k-th component by the i-th component of the system. If the system is considered as composed of only two components (k = 1, 2), such that Newton's third law reads f 12 + f 21 = 0, then Eqs. (17) and (18) yield the same incorrect resultṁ 1 (u 2 − u 1 ) = 0, see (16). As we discuss below (see Section 3c) it was this incorrect premise, f 12 + f 21 = 0, applied to the system of air and condensate that led Ooyama [2001] to conclude that the reactive motion term in (1) is absent. While as we discuss below this result is correct, Ooyama [2001] obtained it through flawed reasoning.
3 Motion of moist air
In the absence of phase transitions
Newton's second law for a moving fluid that occupies a material control volume τ (within which mass is conserved) can be written as follows [Batchelor, 1967, Eq. 3.1.11] :
where f is the sum of all forces acting on the fluid in the volume τ . In this Lagrangian representation the third term in A reflects the change of momentum density ρu due to the change of the moving volume τ : because of ∇ · u = 0 some parts of the volume move with a larger velocity than the others, such that the shape of the volume may change (see Batchelor [1967] for a discussion). Assuming that (19) is valid for any τ , a differential equation A = F is obtained from (19), where F (2) is the sum of forces acting on the fluid taken per unit volume: the pressure gradient, viscous forces and gravity, τ Fdτ ≡ f. Using the continuity equation
the equation of motion for the fluid (1) is obtained from (19):
The Eulerian form of Eq. (19) can be obtained by integrating A (19) over a spatially fixed (non-material) volume V and using the Ostrogradsky-Gauss theorem 1 :
Here the last term reflects the efflux of momentum from the considered volume enclosed by surface S [Young, 1995 , Crowe et al., 1998 .
In the presence of phase transitions
A common derivation of the equations of motion in the presence of condensate starts by applying Eq. (19) in either integral or differential form separately to each of the two components, see, e.g., Drew and Passman [1998, Eq. 6 .15] and Brennen [2005, Eq. 1.38] 2 . Since in a multiphase mixture with gas and condensate particles experiencing phase transitions the mass of neither constituent is conserved -though of course their total mass is -two continuity equations are written in the differential form as follows, see, e.g., Brennen [2005, Eqs. 1.21 and 1.22] and Drew and Passman [1998, Eqs. 6.11 and 6.12] :
On the other hand, from the Ostrogradsky-Gauss theorem we have in (23) S ρu(uds) = V (∇ · u)ρudV .
2 This procedure was also offered by a reviewer of a previous draft of this work, see details here.
Using these continuity equations the following equations of motion are obtained from Eq. (19):
Here F al and F la are the additional friction forces exerted by the droplets on the air and vice versa, respectively. These forces arise in the absence of phase transitions as well provided there are macroscopic particles in the air. These forces are formulated in different ways by various authors, but their common property is that they sum up to zero:
see, for example, Eqs. 1.45 and 1.43 of Brennen [2005] and Eqs. 7.13 and 6.24 of Drew and Passman [1998] . By summing (27) and (28) using (29) and assuming, as did Bannon [2002, Eq. 5.13] , that Du l /Dt l = 0 in (28), we obtain the equation of motion for moist air containing the reactive motion term F r as in (3). However, as we discussed in Section 2a, applying Newton's law in the incorrect form (7) to bodies of variable mass produces equations of motions that violate Galilelian invariance. This error is present in (27) and (28): similarly to (7), these equations contain the terms uρ and u lρ that are proportional to the velocity of the considered constituents. For example, consider moist motionless air which initially does not contain condensate particles (such that F al = 0) and is in hydrostatic equilibrium (such that −∇p + ρg = 0). At the moment when the vapor starts undergoing condensation,ρ < 0, the air will not accelerate. However, if we consider the same air in another inertial system where u = 0, then it will experience accelerationρu/ρ = 0. Equations (27) and (28) are thus as flawed as Eq. (7).
A different physical approach is to write the budget of momentum for the mixture (air + droplets) as a whole using the integral Eulerian form (23). In this approach total momentum of all the mass enclosed in volume V can change because of the efflux of matter from the volume and because of the sum of external forces acting on all the matter enclosed within the volume [Young, 1995, Eq. 38] :
This approach does not rest on the incorrect Eqs. (27) 
Bannon [2002, Eq. 5.7 ] obtained this equation having started from a differential form of Eq. (30). Interpreting Du l /Dt l as the droplet's acceleration and assuming that droplets do not accelerate over most part of their lifetime [see Bannon, 2002] , the resulting equation of motion for moist air ρDu/Dt = F + ρ l g + F r , see (1)- (3), was obtained by Bannon [2002, Eq. 5.18 ]. However, the transition from the integral to differential form in (30) can only be made when the functions under the integral sign lack singularities within the considered volume such that du Bois-Reymond lemma is fulfilled [e.g., see Drew and Passman, 1998, p. 16 
) → ∞, assuming that surfaces occupy an infinitely small volume. On the other hand, if dV does not include a droplet surface, we haveρ(r) = 0 for any such dV .
Thus the rate of phase transitions taking place in a macroscopic volume V 1 that embraces one droplet of radius r s with droplet mass changing at a rate dm/dt ≡ṁ (kg s −1 ) can be described as a delta function in a spherical coordinate system where r = 0 at the droplet center:ρ (r) = σδ(r − r s ),
where σ ≡ṁ/(4πr 2 s ) (kg m −2 s −1 ) is the condensation rate per unit area of droplet surface. In all practical applications Eq. (32) is averaged over a finite volume. Averaging uρ in (32) over V 1 = (4/3)πR 3 , R > r s , with use of (33) gives
where u s is the mean air velocity at the surface of the droplet andρ =ṁ/V 1 is the volumeaveraged condensation rate. Because of viscosity the air velocity at the droplet surface coincides with droplet velocity (neglecting any minor effects due to droplet rotation or increase in radius which due to symmetry make no impact on momentum) [Crowe et al., 1998, Eq. B.31] . We thus have u s = u l in (34), which means that the reactive motion term in (32) equals zero. It doesn't exist. Crowe et al. [1998] tackled the problem differently: without introducing a delta function for the rate of phase transitions, they putρ = 0 for the continuous phase (the air) in the differential continuity equation (24) 
Derivations of Bannon [2002] and Ooyama [2001]
While quoting Crowe et al. [1998] and noting that the flow variables in his approach, including Eq. (32), represent volume averages, Bannon [2002] did not actually follow their procedure. Bannon [2002] replaced the correct term F r = (u l − u s )ρ = 0 by F r = (u l − u)ρ = 0. This neglects that condensation is a surface-localized process, which occurs where the velocities of the two phases coincide. This led to the appearance of the spurious reactive motion term F r = 0 in (32). Returning to our example with a moving train carriage and a motionless platform (Section 3b), phase transitions at the droplet surface where u = u l can be compared to the case when people are running along the platform with a velocity equal to that of the carriage, such that the stones that they throw onto the carriage have the same velocity as the carriage. In this case the "phase transition" (stone thrown onto the carriage) will not lead to any changes in momentum. It will only lead to a reclassification of the stone's mass as belonging first to the platform, then to the carriage. Ooyama [2001] reached his result F r = 0 in (3) differently. He wrote the equations of (vertical) momentum separately for the air and the droplets in a form analagous to Eq. (5), see Ooyama [2001, Eqs. 3.7 and 3.8] , correctly adding termsρu andρu l in the right-hand side of the respective equations. These terms do not reflect any dynamics, but specify a reclassification of mass to either part of the system. Eq. 3.7 of Ooyama [2001] for the vertical momentum of air is analagous to Eq. 6.30 of Crowe et al. [1998] for the one-dimensional flow (but note that in the latter equation it is taken into account that u = u l at the droplet surface where phase transitions occur.) However, when specifying forces acting between the air and the droplets Ooyama [2001] made an erroneous assumption that we discussed in Section 2c, see Eqs. (17) and (18). He assumed that these forces cancel. Thus his equations of motion lack any reactive motion by formulation, see Eq. (16). In reality, if the air had zero viscosity and a velocity different from that of the droplets where condensation occurred, the interaction between the air and droplets could not be reduced to a pair of forces F la = −F al . It would require inclusion of a third force describing the interactions at the interface between the droplets and the air (analagous to fuel in the rocket). The final result of Ooyama [2001] -Eq. (32) with F r = 0 -is correct, but apparently due to errors and good fortune.
Newton's third law and the equation of motion for the condensate
Two further inconsistencies arise in the published derivations regarding the motion of moist air. The first concerns the formulation of the so-called condensate loading term ρ l g in (3), which is present in all models of moist atmospheric circulation that explicitly consider the presence of condensate [e.g., Ogura, 1963 , Das, 1964 , Orville and Chen, 1982 , Rotunno and Emanuel, 1987 , Dudhia, 1993 , Ooyama, 2001 , Bannon, 2002 , Bryan and Fritsch, 2002 , Bryan and Rotunno, 2009 , Cotton et al., 2011 . All derivations of (32) that we have discussed make use of the assumption (29), which means that in a given volume droplets act on the air with the same force as the air acts on the droplets. This statement can be often found in the literature as a version of Newton's third law as applied to the moist air and the droplets [e.g., Ogura, 1963 , Orville and Chen, 1982 , Pauluis et al., 2000 . This assumption is explicitly used in the derivations of Drew and Passman [1998] and Brennen [2005] . It is also implicitly used in the derivations that start from the total momentum equation Eq. (30) as in Young [1995] and Bannon [2002] . Indeed, in Eq. (30) total force F tot acting on the matter enclosed within a fixed (non-material) control volume V does not include the impact of droplets that are located outside the considered volume. This postulate (29) is used to specify the unknown value of the force F al by which the droplets act on the air. Force F la by which the air acts on the droplets can be found from the equation of droplet motion. This equation was written by Bannon [2002, Eq. 5.8a ] in the Eulerian form as follows (note how it differs from (28)):
(Here in the notations of Bannon [2002] F la = −ρ l v l /τ vl and we neglected the effect of largescale pressure gradient on the droplet). Assuming that the term in the right-hand side of Eq. (35) is zero, we obtain the condensate loading term from (29) and (35):
In such an application of Newton's third law the "body" with which any given droplet interacts is defined as the air enclosed in the volume under consideration. However, an arbitrary chosen volume of air is in fact not a valid "body". For any droplet the true "body" with which it interacts is the continuous medium of the entire atmosphere that is in hydrostatic equilibrium in the gravitational field of the Earth. Consider a droplet of linear size r and mass m falling at its terminal velocity through an atmosphere without other droplets. The droplet's weight is compensated by an increase in hydrostatic surface pressure over a certain region of linear size L ≫ r and area L 2 on the Earth's surface that is much larger than the area r 2 of the droplet's projection. Then the mean volume-specific force F al calculated in any intermediate unit volume l 3 surrounding the droplet, r 3 ≪ l 3 ≪ L 3 , will be much smaller than ρ l g = mg/l 3 ≫ F al . In this case the droplet's weight is negligible and can be neglected in the equation of motion of moist air averaged over this volume, F c ≈ 0 in (3).
Consider now a more realistic case with a large number of droplets falling simultaneously in the atmosphere. If their distribution is spatially non-uniform, such that local density ρ l (x) calculated for a unit volume l 3 changes significantly on a spatial scale L ≫ l, for the volumespecific force F al imposed by droplets on the air enclosed in volume l 3 we will have F al < ρ l g if ρ l > ρ l and F al > ρ l g if ρ l < ρ l , where ρ l is the mean density of droplets in volume L
3 . An equality F al ≈ −F la = ρ l g could be fulfilled if the condensate was uniformly distributed in the atmosphere such that its density ρ l would not vary in either horizontal or vertical direction. In the real atmosphere this is not the case -e.g. consider that most condensate is located where most condensation occurs: that is in the lower atmosphere Dias, 2012, Makarieva et al., 2013] . Thus the ubiquitous presence of the condensate loading term in the scale-independent differential equation of moist air motion, see (1)- (3) and (37), (38) below, lacks justification.
The Ooyama [2001] used the same non-linear formulation as Bannon [2002] in (35) to describe the acceleration of droplets. However, motion of any particular droplet is described by the linear equations of Newton's second law; it is independent of the presence of other droplets. There cannot be any general non-linear dynamic equation for the mean velocity u l of droplets in a unit volume. Equation (35) is only valid if all the droplets in the considered volume share the same velocity (see Appendix). Thus, using a single velocity u l = u to describe the motion of droplets and using (35) all the newly formed droplets for which by definition u l = u were excluded from consideration by both Ooyama [2001] and Bannon [2002] . This means that in their formulations droplets cannot form.
Additionally, while Bannon [2002] postulated that Du l /Dt l = 0, Ooyama [2001] made a different assumption, Dv l /Dt l = 0, where v l ≡ u l − u is droplet velocity relative to the air. Thus Ooyama [2001] assumed that droplet velocity relative to the air does not change along the droplet path. However, since the droplet velocity relative to the air is largely dictated by the droplet's size, assuming that droplets do not change their velocity along their path implies that the rate of phase transitions, evaporation or condensation, is zero,ρ = 0. We conclude that using the non-linear Eulerian equation (35) for droplet motion does permit a physically consistent description of phase transitions.
We will now discuss another equation of moist air motion found in the literature and how it compares with the formulations of Ooyama [2001] and Bannon [2002] . Since
the assumption of Ooyama [2001] , Dv l /Dt l = 0, when used in Eq. (32) with F r = 0 produces additional terms in Eq. (1). Specifically, F c in (1) becomes
In the derivation of Bannon [2002] the last two terms in (37) are absent. Commenting on the work of Ooyama [2001] , Bannon [2002] characterized them as spurious.
While some nonhydrostatic models of moist atmospheric circulation build on the formulation of Ooyama [2001] [e.g., Satoh, 2003 , Satoh et al., 2008 , in many other models neither Eq. (3) of Bannon [2002] nor Eq. (37) of Ooyama [2001] is used [e.g., Das, 1964 , Rotunno and Emanuel, 1987 , Dudhia, 1993 , Bryan and Fritsch, 2002 , Bryan and Rotunno, 2009 , Cotton et al., 2011 . Instead, in such models F c in (1) is given by
with no justification. This gives rise to additional physical inconsistencies. For example, Bryan and Fritsch [2002] while stating that they borrow their model equations from Bannon [2002] , in reality put the reactive motion term F r in (3) equal to zero and used Eq. (1) with F c given by (38) [see Bryan and Fritsch, 2002, Eq. 1] . This can be reconciled with Eq. (37) of Ooyama [2001] by noting that in the model of Bryan and Fritsch [2002] the droplets never fall down but float along with the air, i.e. v l = 0. Bryan and Fritsch [2002] in contrast to Bannon [2002] assumed that u l = u and Du l /Dt l = Du/Dt in (32). However, under such an assumption and considering that the force imposed by the air on the droplets is proportional to their relative velocity v l , from (35) we obtain that F la = 0 and Du l /Dt l = Du/Dt = g. In other words, the air experiences free fall towards the Earth -an absurd result.
In another model of Bryan and Rotunno [2009] , which builds on the model of Bryan and Fritsch [2002] , the droplet relative velocity v l is kept as a constant non-zero parameter in agreement with the proposition of Ooyama [2001] . But again in the equation of motion Eq. (38) is used, which is equivalent to Eq. (37) with (v l · ∇)u = 0 [Bryan and Rotunno, 2009, Eqs. 1-3] . Since generally (v l · ∇)u = 0, this assumption is false. Moreover, considering that in Eq. (36) the major terms are those pertaining to the vertical dimension we can estimate the relative importance of the term Dw/Dt retained by Bryan and Rotunno [2009] and the term W ∂w/∂z that was discarded (here W ≡ w l − w is the difference between the vertical velocities w l and w of droplets and the air, respectively). In a stationary case at W ≫ w and Dw/Dt ∼ w∂w/∂z the second, discarded, term can be significantly larger than the one retained. To summarize, the presence of the ρ l Du/Dt term in the models of moist atmospheric circulation is unjustified.
Discussion
We conclude with a general discussion of the problem of finding an equation of motion in the presence of phase transitions. Conservation laws in the Eulerian form of the type
represent a general conservation relationship for an arbitrary property χ that is transported with velocity u χ . Such an equation presumes the knowledge of the volume sourceχ of the considered property χ. Without knowing this source the general conservation laws (39) are a "tautologism" [Truesdell and Toupin, 1960] .
For momentum, such a source function is generally unknown. As we discussed in Section 2a, Newton's second law does not describe the change of momentum in a general case of a variable mass. It only describes the change of momentum if the system's mass is constant. Therefore, in the theoretical literature on fluid dynamics, the Eulerian form of momentum equation (23) is obtained from Newton's equation of motion and the continuity equation which ensures that the fluid mass is conserved [Batchelor, 1967, Landau and Lifshitz, 1987] . The momentum equation for a fluid of type (39) is not an independent equation from which equations of motions could be derived. Indeed, there are no grounds to assume a priori that the local change of momentum is determined by external forces acting on the system and the efflux of matter from the system as per Eq. (23) if we know that Newton's law is inapplicable to systems of variable mass. How can we know that the efflux of matter from our considered non-material volume does not create additional forces that would be absent when the efflux is zero? It is only from Lagrangian considerations of Newton's law as in (19) that Eq. (23) is justified.
However, once the fluid mass is not conserved (as in the presence of phase transitions), this approach loses validity. We cannot apply Newton's law to the gas and the droplets in the Lagrangian approach (19), because their control volumes move with different velocities, such that there is not a common control volume with a constant mass inside. In this sense Eq. (30) is a postulate: we have postulated that the source functionχ for momentum remains equal to the external force F tot as is in the case of the fluid mass being conserved. Based on this postulate, the attempts are made to derive the particular equations of motion for the air and condensate. However, we could similarly postulate a particular physically reasonable form for the equation of motion directly. Indeed, as we discussed in the previous section, considerations of the total momentum equation do not provide for a physically consistent picture of motion for both droplets and the air.
We have discussed the various approaches to define the equation of motion of moist air based on several papers addressing the fundamental relationships of multiphase flow [Young, 1995 , Drew and Passman, 1998 , Ooyama, 2001 , Bannon, 2002 , Brennen, 2005 , Cotton et al., 2011 . We have shown that some of these treatments incorrectly apply Newton's second and third laws as well as the volume averaging procedures. One conclusion is that no reactive motion term is required, the momentum of air plus droplets in the terrestrial atmosphere is not conserved in isolation from the Earth. The correct treatments have been published and cited [Crowe et al., 1998 ], but this has not prevented errors from creeping into the meteorological literature. While the contrasting mathematical treatments of moist air have raised little comment until now we hope that our clarifications have shed some light on their cause and more generally on the dynamics of moist atmosphere.
The Eulerian form of equation of droplet motion
Consider a flux of macroscopic particles (raindrops, hailstones, etc.) that do not interact with each other contained within a fixed volume. We can define the mean velocity u l and mean acceleration a l of particles as
Here n is the number of particles in an arbitrary small volume V enclosing the considered point, u li and a li are velocity and acceleration of the i-th particle. We will show that equation of motion for condensate particles
is generally incorrect. This equation must conform with Newton's second law governing the motion of particles. For a droplet of mass m i it reads:
Here f li is the force exerted by the air on the i-th droplet. Summing (42) over n considered particles and dividing the sum by volume V we obtain:
Comparing Eqs. (43) and (41) 
We will consider the simplest case when all the particles have the same mass, m i = m and ρ l = nm/V . Eq. (44) then reduces to
For the purposes of our demonstration we divide the particles in the flux into two arbitrary types with respect to dynamics: e.g., let us colour these types green and red. As the particles do not interact, the flux of green particles is not affected by the presence of red particles, and vice versa. Thus, if (45) were generally true, it must apply to the red and green fluxes separately as well as to the combined flux.
Mean velocity u l and mean acceleration a l of the flow as a whole (red+green) are u l = αu l1 + βu l2 , a l = αa l1 + βa l2 , α + β = 1,
where α and β are the relative numbers of red and green particles in the total flow, u lk and a lk (40) are the mean velocity and acceleration of green (k = 1) and red (k = 2) particles, respectively.
Let relationship (45) be satisfied separately for both types of particles, i.e. the following is true for k = 1, 2:
Putting (47) and (46) into (45), we find that (45) only holds for the combined flow if
This is true if either u l1 = u l2 or ∇u l1 = ∇u l2 . These conditions apply only when all particles possess the same velocity. Such conditions do not hold in a precipitating atmosphere where some droplets are already falling at near terminal velocity and others have only begun to form and have near zero motion with respect to the surrounding air. Droplets of the first type have approximately zero mean acceleration a l1 ≈ 0 ≪ g, while droplets of the second type have acceleration a l2 = g.
We have shown that Eq. (41) is not valid if the condensate is represented by particles having different velocities in a given point. For identical droplets that in any given point have equal velocities, the non-linear Eq. (41) can be obtained from the linear Newton's equation ρ l du l /dt = ρ l g + F la by changing variables from time t to distance l: dl ≡ u l dt, du l /dt ≡ (u l · d/dl)u l ≡ (u l · ∇)u l . Partial derivative ∂/∂t does not arise in this derivation.
For example, consider condensate particles of equal mass that originate at one at the same height z = h and start falling at t = 0. Such condensate particles will have equal velocity in each point. Location Z of the droplet on its trajectory depends on time t as
Changing variables from t to Z in (42) with use of (49) we can re-write Eq. (42) as follows (index i is omitted):
Eq. (50) follows from the linear equation (42) and represents the law of energy conservation. Non-linearity of Eq. (50) appeared when t was replaced by Z in (42). Coordinate Z = Z(t) in (50) describes the position of droplet on its trajectory and is unambiguously determined by the dynamics of the droplet (42) and time t. If force f acting on a droplet at point Z(t) = z is time-independent, all droplets forming at z = h will have one and the same velocity u l (z) at point z. There will be a stationary spatial distribution of particle velocity u l (z) (even if condensation rate and, hence, particle density vary in time). We can see that in this case Eq. (45) is fulfilled taking into account that ∂u l /∂t = 0. On the other hand, if force f (z) depends explicitly on time and/or if height h where the condensate originates depends on time, then particles formed at different times may arrive at a point z with different velocities. In this case, as we have shown, Eq. (45) is invalid.
